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Handout 1: Review of Calculus

Introduction

Let's say that the function y depends on the variable x. We can state this mathematically as:
y= f(x) readas"y is a function of x".

In this example, the function y depends on only one variable. However, most interesting quantities depend
on several variables. For example, the ideal gas law states that PV = nRT. If we solve for P, we find that:

_ nRT
14

P

Thus, P(pressure) depends on both T (temperature) and V (volume) assuming a constant amount of gas (i.e.
n or the number of moles of the ideal gas is a constant). Thus, in this case

P=f(T,V) read as "P is a function of T and V" or
"pressure is a function of temperature and volume"

Derivatives

The derivative of a function is the slope or the rate of change at any particular instance. There are a few
rules to remember when calculating the derivative (also known as the differential):

1. i(c) =0, where c is a constant.
dx
2. i(u +Vv)= ﬂ + ﬂ where u and v are functions of x
dx dx dx
3 —(ex)=c
4 —uv)=u il + vﬂ
dx dx  dx
d n n-1
5 —(X) =nX
CIX( )
du dv
d u  “dx dx
6 —(—) =
=V v2
7. i = di . d_u (chain rule of differentiation)
dx du dx

Here are some examples:

d
. —2x+c)=2
a dx(x c)

d
b. E(3x3—5x2 +2x+7)=9x2 —10x +2

x+1)_(2X*3)—(3X+1)*2_6X—6x—2_ T |

d 3
© dx( 2X 4%2 4x2  4x?®  2x?
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There are two equivalent ways you can write a derivative:

d _ _
E(X") =" ' d(x") = nx"tdx

Note that if you multiple both sides of the equation on the left, you will obtain the equation on the right.
You can also interpret the two equations in the following way. For the left equation: the change in X" with
respect to x is n x™' . For the right equation, the change in x" is equal to n x™' multiplied by the change in
X.

Partial Derivatives

The functions in the previous section were all dependent on only one variable, x. What happens when a
function depends on more than one variable? For example, the pressure of a fixed amount of an ideal gas
depends on two variables: temperature and volume. If the temperature is held constant, then the pressure
will only depend on the volume of the ideal gas, and we can calculate the derivative using the rules from
the previous section. But these rules are insufficient if both temperature and volume are allowed to change
since the pressure depends on both changes due to temperature and changes due to volume.

The basic idea of a partial derivative is to isolate the change due to each to variable. Thus, in the example
of the ideal gas, we want to determine the partial contribution of changes in temperature and in volume.
The total change in pressutie the sum of pressure changes due to temperature chapfyspressure
changes due to volume chang@gsu may want to read the previous sentences several times until it makes
good sense). The way we examine the effect of temperature changes is to determine how the pressure
changes with respect to temperature while holding the volume constant. This is the partial derivative of
pressure with respect to temperature. Similarly, we examine the effect of volume changes on pressure by
determining how pressure changes with respect to volume while holding the temperature constant. This
is the partial derivative of pressure with respect to volume.

In the language of mathematics, we write
f =f(x,y) or "fis a function of x and y, where x and y are independent variables"
(independent variables simply means that x and y do not have to depend on each other).
d
We cannot write E( f) since this nomenclature is reserved for when the function (f) depends on only one

variable, and here f depends on both x and y variables. Instead, we write
d
— ) which is read as "the partial derivative of f with respect to x"
X

and it implicitly means that we want to examine how f changes with respect to x while holding the

variable y constant. Thus the change of f with respect to x at constant y is (;i . If we wish to emphasize
X

that the variable y is held constant, we can write this as (%) where the subscript y indicates that y is held
y

I

constant. Similarly, the change of f with respect to y at constant x is 4 or(—) .
X

o
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The total change in f due to changes in x and due to changes in y is then the sum of the partial derivatives.
This is commonly written as:

_| L g
e

df is called a total derivative since it reflects the total change of f with respect to x and y.

Returning to our ideal gas law example, we can write the total derivative of pressure as:

() (2] ar
)y ar)

Note that this is simply a mathematical representation of what we described on the previous page:
"The total change in pressuiie the sum of pressure changesud to temperature changphis pressure
changes due to volume chatige

How do we actually evaluate partial derivatives? We use the same rules 1 through 7 on page 1 for the
variable in question while holding all other variables constant. For example,

2 4
S,y =x"+3xy+y
What is ;i , the partial derivative of f with respect to x?
X

i_(f?f

J
= —) =— (x2 +3xy + y4) =2x +3y (remember to treat y as a constant here)
ox ox y ox

What is % , the partial derivative of f with respect to y?

af (O?f) Jd 4 3
—=|=—| =—(x"+3xy+y )=3x+4y
dy \dy), dy
What is df , the total derivative?
df = (i) dx + (i) dy = (2x +3y)dx +(3x +4y>)dy
ox . L.
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Double Derivatives
We have a function f which depends on variables x and y: f = f(x,y).

! If . o . .
Let's say that u = L and v = —. There will be situations when we are interested in how

Ix ly
. . ) 1% a | df
v varies with respect to x. In other words, we may wish to evaluate —(v)=—| =—|.
ox ok \ dy
2
This double derivative can also be written as
oxady

How do we evaluate a double derivative? Let's use our previous example:

Fuy) =x"+3xy+y"

2
What is o°f ?
oxady

s (3 (3], (3, o=

2
What is o°f ?
dyox

22 S{E)-(2] 5] g -




